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Abstract. A theory of excitons in quantum wells based on the Bethe—Salpeter equation is
presented. The energy gap shift, polaronic effective masses of electrons and holes as weli as
the ground-state exciton binding energy have been calculated as functions of the layer
thickness. In the limit of thin layers the interaction of excitons with LO phonons is found to
cause a decrease in the exciton binding energy of the order of 18%.

1. Introduction

Because of the technological development of molecular beam epitaxy that has made it
possible to grow high-quality heterojunctions and superlattices, great interest in the
electronic properties of the quasi-two-dimensional electron gas has occurred. It is
expected that in such systemsthe confinement of electrons between two parallel potential
barriers is responsible for many new physical properties and effects with practical
importance in the fabrication of new devices. The usual materials for the above-men-
tioned structures are the weakly ionic HI-V compounds such as GaAs-Ga,_, Al As
heterostructures. For these materials the interaction with optical phonons dominates;
s0 the effects of electron-Lo-phonon coupling must be taken into account in the
description of optical properties.

Turning our attention to the theoretical situation, we find that two fundamental
different models have been used to describe excitons in quantum wells. The first is based
on the usual bulk Frohlich model] (Das Sarma and Madhukar 1980, Das Sarma 1983,
Deganiand Hipolito 1987, Matsuura 1987). According to the Frohlich model the electron
and hole that constitute the exciton are well separated, and therefore interact indi-
vidually with Lo phonons. The second model is based on the assumption that LO phonons
are confined to the layer (Trallero Gines and Comas 1988, Rudin and Reinecke 1990}.
The Jast assumption leads to the fundamental differences between the electron-phonon
interaction in heterostructures and the Frohlich model, since the z component of the
phonon wavevector has a discrete nature. One important consequence of the second,
approach is that, in the limit, when the well thickness L — 0 the polaronic energy shift
and polaronic mass corrections for weak-coupling polarons tend to zero, while the
Frohlich model predicts the correct results for the energy shift and for the mass cor-
rections not only in the three-dimensional (3p) bulk case but also in the two-dimensional
(2D) case as well (Guseinov and Seid-Rzaeva 1989). In the present work we shall assume.
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only a perfect confinement of electrons and holes in the well, since the condition
for completely confined LO phonons is questionable considering the small difference
between the lattice constants of the materials in the heterostructures.

Strictly speaking, the above two approaches are not entirely correct pictures, since
the more detailed theory hasto be based on the assumption that well defined elementary
excitations ( polaritons) formed by coupling of excitons, phonons and photons exist in
quantum wells. In the bulk case the corresponding theory has already been proposed
(Koinov 1990). According to this theory the energy spectrum of excitons in quantum
wells manifests itself as poles in the frequency plane of the exciton Green function and,
therefore, they can be obtained by means of the corresponding Bethe-Salpeterequation.
This equation has the same form as in the bulk case, but in the quantum wells the
following additional difficulties occur.

(1) The symmetry is broken in the z direction.

(it) The electrons and holes are confined in the quantum wells.

(iii) The forms of the photon and phonon Green functions in quantum wells are more
complicated than in the bulk case owing to the different lattice and dielectric constants
of the layers,

The above-mentioned peculiarities lead to serious difficulties in any attempt to
formulate a detailed theory of excitons in quantum wells which result from the different
lattice and dielectric constants of the layers. In what follows we have neglected these
effects because of the nearly equal lattice and dielectric constants of GaAs and
Ga, - AL As. _

The paper is organized as follows. In section 2 an effective Bethe—Salpeter equation
for the exciton wavefunction is derived. Using this equation the energy gap shift and the
polaronic effective masses are calculated in section 3. In section 4 the effective electron-
hole interaction in a quantum well is derived and using a variational method the ground-
state energy of excitons in quantum wells for different thicknesses is calculated.

2. Bound-state equation

We are interested in the eigenvalues and corresponding wavefunctions of the Wannier
excitons in quantum wells made from direct-gap semiconductors with non-degenerate
and isotropic bands. With the perfect-confinement approximation for electrons and
holes the exciton wavefunction can be written as

¥"(p, ze, 2n) = 2 P1(z)Pul2n)PIZ (0) (1a)
At

where
@,(z) = (2/L)"? sin(Anz/L). (15)

Inthe above equations, n denotes the nth eigenstate of the exciton with 2D wavevector
Q in the quantum well with a thickness L; p = (x, ¥e, 0} — (x;, ¥, 0) where r, = (x., ¥,
z.)and r, = (x4, ¥, 23,) are the coordinates of electrons and holes; A, 4 = 1,2, . . . denote
the quantum number of the states in the infinitely deep wells. As was mentioned above,
the exciton spectra w,(Q) can be obtained by searching for the poles of the two-particle
electron-hole Green function in the complex energy plane. A suitable algorithm for
locating these poles by reducing the Bethe-Salpeter integral equation for the exciton—
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four-time-variable Green function to an effective eigenvalue equation has been pro-
posed in a previous paper (Koinov 1990). Taking into account the broken symmetry
on the z direction and following the above-mentioned algorithm, one can obtain the
following equation for the binding energy of the exciton E,(Q) = E, — #w,(Q):

|Eu@) + Bk 0.3) + Eulo )~ 2 (k, 0, E) = 3 (k, 0. E,)| 0188
it B

-2 [2 k, Q,E,,)fbg,?(k)]— 3 |3 k0, E)o®w)]

E(#4) “AuE Nl Bipn
AE 0
j a7 Ll - | ko2 0. Er )0 () = 0 @
where 972 (k) is the Fourier transform of ®42(p). In equation (2) we have introduced
the following notation:
E (k,A) = k2K /2m, + R3x?At am L2 (3a)
E,(k, ) = #2k>/2m, + £27%A [2m, L. (3b)

Equation (2) is our effective Bethe—Salpeter equation for the exciton wavefunction
©12(k). The self-energy corrections Z° and Z¥ as well as the effective potential Iy are
defined as follows:

E k0B =2 [

X O E g & ELL/ipl)Q )+ Bk, ) (4)
[

X E O T Enzfinglﬁ)t) TE—p B (4b)
E(kQE)-%(k . Q. Ey) (Sa)
E(kQE)"mZy(kQE) (5b)

Ieff(lu f’ l k:P: Q! En) = (2.7[82/!‘0 - kl)Fl#?J-E(Llp - kl)

[ £ hwg + E(Q) + Ec(p + Q. 8) + E(k, 1)

1
Y hoe T EQ) T E(k+ 0.1 + Eo(p) n))] ©)
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where &, and gq are the optical and static dielectric constants, £*~! = £7! — g7 and w,
is the longitudinal optical phonon frequency. The function F,, is defined as follows:

L L
Fye(Llpl) = j dz, f dz; exp(—|pllz; — z20) @22 (22} (2P e(z))- (7
0 0

3. Band-gap renormalization and polaren effective masses

It is well known that owing to the interaction between the particles (electrons and holes)
and theions an extra mass Am, , = mg, — m_, arises and, therefore, the polaron effects
make the particle appear to be heavier than the band masses. The simplest way to obtain
polaron effective masses of electrons and holes is to neglect the excitonic effects. In this
case, one should assume the effective potential I 4 to be equal to zero, so that the Bethe—
Salpeter equation (2) is reduced to an equation for the electron—hole pair formed by A
and u subbands. As can be seen from equation (2), the interaction with phonons causes
2 subband mixing, i.e. the energy of the (4, p)-electron-hole pair depends not only on
the subbands E_(k, 1) and E (%, &) but also on the rest of the subbands. In the lowest-
order approximation we neglect the mixing between subbands by taking X5,; and Zj,,
in equation {2) to be equal to zero. In this approximation, one can write for the energy
of electron-hole pair, formed by the lowest conduction (A = 1) and valence (u = 1)
subbands,

ESP(k) = ES + b2k 2m, + A2 f2m, + 25, (K, Q =0, EY"

+E% (k, Q=0,E5" (8
where we have introduced an effective band gap E =E, + E§ + EY;
E$Y = h%x? [2m,, L?. From equation (8), one can derive the energy gap shift AE, and

the corresponding polaronic masses by expanding Z§, and ZY; in a power series in k.
Thus, we obtain the following equation for AE,:

AE Funlzl/rs)
—2 = — . P - s
hag e A,E'“__ dz 22 + 1+ AE fhwy + 7 (A% ~ DEE/LY
Fum(ZL/f‘é)
e AE J & T4 AE, fhwg ¥ (T — 1) /L)T ©)

Here the electron and hole polaron radii r§ and r}, and the electron-phonon and hole-
phonon coupling constants &, and &, are defined as usual: /% = (i/2m, ,w )?;
@y = (M €' /2R woe*?)Y2, and the following functions are introduced:
Fynfz) = (322 + 8a2)/2(2% + 4a%) — 327*[1 — exp(—2)}/2%(z* + 47?)? (10a)
Fruun(@) =222 + #1222 + D}/[z2 + 734 - 1)?]{z® + =2(A + 1)?]

—R2x*A2 1= (— 1) *exp(—2))/[z2 + @2 (A — 1) P[22 + a2 (A + 1)?)%

(108)
The polaronic effective masses for the A = 1 and u = 1 subbands are found to be
mMmey ( 2 Fyu(zL/rg") )"
—_— - d -
- 1= 2ac, ,1-1,23,,., z [22 + 1+ AE fhwp + a2(A? = 1)(r5¥ /L)) (1)

In the limit L — 0 the following two equations hold:
(AE ffimg) = (&, + a, )t /2(1 + AE fhwy)'?
m:'"'/m':-“' = [1 - xa’c.v/g(l + AEg/ﬁwO)]ﬂ]_l.
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Figure 1. Calculated energy gap shift of a GaAs Figure 2, Calculated percentage extra masses of
(m, = 0.067my; m, = 0.197m,; o, = 0.0681; o, = electrons {curve A)and holes (curve B) of 2 GaAs
Q.092; fuwy = 35.2 meV) quantum well as a func- (m, = 0.067my; m, = 0.197my;, o, = 0.0681; o, =
tion _of the quantum-well thickness (~——): - --, 0.092; £wy = 35.2 meV) quantum well as a func-
obtained by neglecting AE,/fw, in the right-hand tion of the quantum-well thickness.

side of equation (9).

The conventional 2b polaron corrections AE, and m, can be obtained from the above
equations by neglecting AE, /Ay in their right-hand sides.

Using equations (9)—(11) we have calcuiated the energy shift AE, and the percentage
polaronic extra masses Am, ,/m., = (mf,/m., —1)% for heavy-hole excitons in
GaAs-Ga,_,Al.As. The values of the physical relevant parameters that we have used
are m, = 0.067my, m, = 0.197m,, o, = 0.0681, &, = 0.092 and fiw; = 35.2 meV (Brum
and Bastard 1985). Figures I and 2 show the results we have obtained for the energy gap
shift AE, and for the percentage extra masses which are plotted as functions of the layer

 thickness. In the paper by Mori et al (1988), Am./m,. was found to be about 13%
(m¥* = 0.076myq) for L = 100 A. As can be seen from figure 2 our extra mass correction
is 100 small to achieve agreement between theory and experiment. The discrepancies
between calculated and measured masses are probably due to the non-parabolic charac-
teristic of electron band.

4, Effective electron-hole interaction in a quantumn well

In section 2 we have obtained an exact state equation where the effective potential L
depends on & and p separately and is therefore non-local. We now transform the wave
equation (2) to coordinate space. The r-space wavefunction ¥"?(p, z., z,) is defined
by equation (1) and the eigenstate equation becomes

22 2 Y L RPY
(EH(Q)—QES—EM_Q*—;L* .?J_ i *6_2_ i *_3—2
i Imi oz 2m} dzy

L L
=Jdp’J dz:‘:J' dzi‘l Veff(pszcﬁzh;p:z:t’z;ﬁEm Q)
[} 0

X W (o', 21, z{) (12)

Jwreo, 2,2,
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where M* =m? + m}, u* =mim}/M* and the effective potential is defined as
follows:

chf(P, Zey Zpi P, Zea 24 By, Q)
=8(z. — 22)8(z, —24)0(p — p'Ne*felp® — (2. — 2, )']V*}
- Vﬂ(p9zcszh;psz::$z{1;Eu: Q) (13)
Vﬂ(p? ZesZhs P Zé ’ Z},n Ern Q) = ;‘E @A(Zc)qjy(zh)@p(z;l)qjl(zé)
M
x m’iwuez d!k
e* (2n)?
( exp[—|p ~ kllze — zil]
hwo + E,(Q) + Ep+ Q,A) + E (k. )
enwl-lp kst all__)
ﬁwu + E,,(Q) + Ec(k + Qa A‘) + Ev(pv zu) .

dzp . , 1
f o)’ expli(kp — pp")] =

(14)

One can solve equation (12) by expanding the exciton wavefunction into a basis
R, .{p)of the radial functions of a 2D hydrogen atom system (Shinada and Sugano 1966)
and diagonalizing the corresponding Hamiltonian matrix. For simplicity we assume
the total 2D momentum of the exciton to be equal to zero (Q = 0). In this case the
wavefunction W(p, z., z,) of the lowest exciton state with binding energy Eq = AE, -
E,-o{@ = 0) can be written in the form

W(p, 2o, 24) = 20 25 CrmCe P2 (2P 1 (20)R e s(0) (15)

Aoy onm

where C, (1, ) satisfies the foliowing equation:

ﬁ: 2)_2 ﬁ! 2,2
(Ea 7T o

+ 2m? L2 + 2m*L2 - EgZD))Cn.m(A1 ﬁ)

j d*k FAur;E (L]p - k%)i_alségn
8* ny. m; £ (ZJT)Z (2‘75)2 |P - kl
:rfw)
Ry (PR (R)Cpy ey (B 1) + o B3 j(
Ay £
d’k Flm’g'(Lle ki) ( 1
(251:)2 lp - kl hawg + EU + Ec(P7 E) + Ev(k1 -u)
1
" hwo + Eo + Bk, 1) + Eo(pr n))R"""”(‘D)R"'m(k)c"""”(g’ m =0
(16)
Here EYP! is the energy of the 2p system, # =0, 1,2, . . . is the principal quantum

number and, for a given n, the angular momentum quantum numberm = 0, £1, =2, ...
and R, (k) is the Fourier transform of R, ,(p).
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Figure 3. Heavy-hole ground-state exciton bind-
ing energy as a function of the GaAs (m, =
0.067my; m, = 0.197my; &, = 10.9; g = 12.5;

Heavy-hole extiton binding energy (meV)

8F fhwe = 35.2 meV) quantum-well thickness: @,
Lo experimental results (Rogers eraf 1986); A, data
50 100 150 from the work of Maan et af (1984); (I, data from

L (A the work of Tarucha et af (1984).

Our next aim is to find out how the binding energy depends upon the parameters R../
fwy, M*[u*, e.feq and L/r, where R, = u*e*/2e247 and r, = (/2u* wg)'? are the
exciton Rydberg and polaronic radius, respectively. To do this, we take into account
only the diagonal terms in the Hamiltonian matrix and then use the variational method
with a wavefunction

Ryp(p) = (}32/2”)1/2 exp(—Bp/2). (17)

The parameter § can be determined by maximizing the binding energy Ep with
respect to . For the case when the exciton binding energy is small in comparison with
the phonon energy, we can replace the last non-local term in equation (16) by a local
term, which has the form

2rfiwge? [ d’p . Fuu(Llpl)
£* (231_)2 exP[IPP] |P|(ﬁwo +Eg + ﬁzpz/ZM*) R%o(p) (18)

Thus, we obtain the following equation for the excition binding energy:

/ o
2 oy 1) [ g ),

kg W, (x? + 1682)%?
R\ Y2 p* £
- 3 ad —l 2=
1288 (ﬁmo) pE (1 Eo)

i Fun(xL/ry)
“J, TG 4

We have numerically maximized the energy expression (19) for the different values
of the layer thickness L of the GaAs quantum wells. The values of the physical relevant
parameters are the same asin section 3. Figure 3 shows the results that we have obtained.
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One can see that our results are in good agreement with the experimental values (Maan
et al 1984, Tarucha et 2/ 1984, Rogers et af 1986). The discrepancy between calculated
and measured binding energies can be made smaller if one takes into account off-
diagonal terms in Hamiltonian matrix in equation (16).

5. Conclusion

Our variational calculations for the energy gap shift, extra polaronic masses and binding
energies of excitons in quantum wells show that they decrease monotonically with
increasing well thickness. The theory presented above is based on several assumptions
which we believe do not affect the essential features of the results.

In our paper we have developed a method based on the Bethe-Salpeter equation for
answering the question which naturally arises in the theory of excitons in quantum wells
as to whether the polaronic corrections are important, mainly in the limit of thin layers.
According to our calculations, we dertved polaronic corrections to the exciton binding
energy of about 18%.
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